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Abstract

This paper suggests that one should account for the endogeneity of impor-
tant explanatory variables and the persistence of technology shocks when
analyzing spatial convergence among regions. Specifically, it is argued that
a systems approach is called for that includes the average growth rate and the
initial income level as the endogenous variables. For 212 European regions
the estimation results reveal a substantial correlation between the distur-
bances of the equation explaining initial income per capita and that of its
subsequent average growth rate. Moreover, the estimated speed of conver-
gence is found substantially higher in a systems framework. This holds true

for both spatial conditional and unconditional convergence.
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1 Introduction

In many studies the estimated convergence parameter and the implied speed
of convergence in the studies on regional growth based on the spatial Solow
model are surprisingly low, even among European regions that are appar-
ently more integrated than countries usually are. On the one hand, the low
estimated convergence speed may reflect the ignorance of capital mobility
and migration. Essentially, this model treats regions as closed units that
are only interrelated by non-pecuniary spillovers arising from learning in
the course of capital accumulation. Empirical research based on this model
so far seems to ignore that under capital and/or labor mobility important
explanatory variables like the investment ratio as proxy of the savings rate
and the growth rate of population are clearly endogenous. While treating
these variables exogenously may be an acceptable assumption for empirical
work at the country level, for regions this assumption is not plausible as
mobility of factors is partly among regions belonging to the same country.
On the other hand, the finding of low convergence speeds might also
originate from misspecified convergence equations which fail to account for
the persistence of technology shocks. Available evidence of growth equations
derived from the Solow model at the country level by Caselli et al. (1997) and
McQuinn and Whelan (2007) supports this view.! The possible persistence
of technology shocks suggests that initial income should be treated as an
endogenous variable, too. In cross-section studies this latter issue calls for
a spatial systems approach relating the average growth rate of income per

capita to its initial level in a spatial simultaneous two equations framework.

Tn a somewhat different approach Goetz and Hu (1996) show that inference on the
convergence coefficient can be misleading if the population growth rate and savings rates
are themselves functions of income.



The endogeneity of the other variables can be accounted for by treating
them country specific including country fixed effects.

For empirical research on regional convergence these two issues imply
that the commonly used specification originating from Mankiw, Romer and
Weil (1992) and reformulated in a spatial setting with regional knowledge
spillovers by Ertur and Koch (2007) and Pfaffermayr (2009) may be misspeci-
fied. Accounting for these endogeneity issues, the estimation results for
European regions for the period 1980-2002 indicate substantial correlation
between disturbances of the initial income per capita equation and the con-
vergence equation which explains the average growth rate of income per
capita. Moreover, the estimated speed of convergence is found substantially
higher in the spatial systems framework as compared to the available es-
timates of spatial convergence. This holds true for both conditional and

unconditional convergence.

2 Regional growth under knowledge spillovers and

factor mobility

The spatial Solow model is based on a constant returns to scale production
function, exhibiting a diminishing marginal product of capital and spatial
knowledge spillovers across regions. The knowledge spillovers are modelled
as pure externalities, which can either be local or global in nature (see
Anselin, 2003). These knowledge spillovers originate form learning effects in
the course of capital accumulation assuming that knowledge is embodied in
capital interpreted in a broad sense. Here, we concentrate on local knowledge
spillovers, since the immediate diffusion of knowledge among all regions as

implied by global knowledge spillovers seems less plausible. Rather, it is



assumed that initially knowledge spillovers are local by nature, but develop
into global ones over time as knowledge diffuses. This implies that the
spatially weighted capital labor ratio enters the production function so that
total factor productivity is higher for those regions that are surrounded by
rich neighbor regions.? Formally, the production function of region i under

local knowledge spillovers is given by
K; ¢ K; \PWii © 1—-¢
Y, =C; (ﬁ) (H#i (m) ) K{ [LiA;] (1)

where Y; denotes output, K; stands for the broad measure of (physical and
human) capital and L; for labor. A; denotes the state of labor augmenting
technological progress. Knowledge spillovers are assumed to exhibit a spa-
tial decay represented by spatial weights w;; with w;; = 0. These spatial
weights are either based on contiguity or inversely related to some mea-

\® . . .
sure of distance. The term ( LKX,) captures intra-region spillovers (see

Pfaffermayr, 2009, for more details). Lastly, C; is a normalizing constant.
Convergence will be observed under diminishing returns to scale, which will
occur if 1 — ¢ — ¢ — p > 0 (see the Appendix). Below, the spatial weights

are collected in the (N x N) spatial weighting matrix W, which is assumed

to be row sum normalized. Furthermore, the natural log of L[fi

» is denoted

by k;. Similarly, y; is the natural log of 227

In almost all empirical studies on regional growth and convergence po-
pulation growth has been taken as an exogenous determinant of the steady
state level of income per worker. At the regional level this assumption is

not plausible, however, as barriers to migration are low within countries or

2For example, Chua (1993), Egger and Pfaffermayr (2006), Lépez-Bazo et al. (2004),
Moreno and Trehan (1997), Pfaffermayr (2009) and Vayd et al. (2004) assume local
knowledge spillovers.



between regions in an integrated area such as Europe. To derive an empirical
specification of the spatial income convergence equation that accounts for
labor mobility among regions, Barro and Sala-i-Martin (2004, p. 384) and
Braun (1993) augment the Solow model by a net-migration function, but
assume that economies are closed in any other respect.?

To illustrate the impact of migration in an exogenous spatial growth
model let us assume that migration is partially restricted in the sense that
migration costs are high enough to render migration unattractive in the
steady state. Hence, migration is a transitory phenomenon. In the presence
of migration, population growth in a region is composed of the natural pop-
ulation growth rate as determined by fertility net of mortality (n), which is
assumed constant across regions, and the net-immigration rate. The latter
is captured by the net-immigration function £(ki,...,kn). In the spirit of
Barro and Sali-i-Martin (2004) and Faini (1996, eq. 8) one can approximate
this function by

N
E(krs k) m e Y wij (ki — k) — (k; — K7)] (2)
j=1

where € denotes a constant scalar capturing the sensitivity of the willingness
to migrate with respect to the spatially weighted wage differentials, which
in turn depend on regional differences in the capital to efficiency units of

. . . N
labor.* Since W is assumed to be row sum normalized and > =1 Wij =1,

3Faini (1996) among others analyzes the impact of migration on income growth in
a more general model. With constant returns there is unconditional convergence and
migration increases the speed of convergence. However, the model implies divergence if
economies of scale are strong and labor is sufficiently mobile.

4Following Faini (1996) and others one can motivate this specification by the assump-
tions that individuals differ in their preferences and that they choose their destination
region in a random utility framework (see also Fields, 1979), accounting for wage differen-
tials and distance depending migration costs. Then, each region receives a net-migration



the law of motion of capital per efficient worker is given by

N
ki=sie —g—c | ki—ki =Y wi; (kj— k) |, (3)
j=1

where g = z+~v+n, z; = Zjvzl pwijk;j+ci+ (o — 1) k; and o = p+¢. In the
steady state one obtains Zjvzl pwik; + i+ (o — 1) kf = In(Z). Linearizing

s;e% around the steady state with s;e* = g yields
. N N
ki = gtsieh ) g (k= k) —g—e | ki —kf =) wy (k; — k)
= =k =t
J
N N
0z; * * *
= gzazj (k‘j—k‘j)—E(ki—ki)—l-&?zwij(k‘j—k‘j).
j=1 kszk‘; Jj=1
Using
G| e =PW + (= 1)T

the law of motion can be compactly described as
k—k =BuBu (k—k"), (4)

with Byy = (I =0y W), By = — (1 —a)g+¢) and Oy = %. In
line with the literature, under constant or decreasing returns to scale net-
migration speeds up convergence (37). However, immigration also leads
to spatial dependence and enhances the spillovers parameter 63;. In every
other respect the specification of the spatial convergence equation is similar

to the available ones in the literature.

Barro, et al. (1995), Barro and Sali-i-Martin (2004) and Obstfeld and

flow from every other region.



Rogoff (1996) demonstrate in a Solow model with physical and human cap-
ital, but without knowledge spillovers that it is possible to also cover the
case of mobile capital as long as one accumulated factor (human capital)
is immobile. The main assumption is that countries or regions are debt-
constraint as only physical capital can be used as a collateral. Since the
debt-constraint is binding in their model, capital flows into a country are
proportional to the existing stock of capital, if the initial stock of capital
is smaller than its steady state counterpart and convergence is from below.
Furthermore, the ratio of physical capital to GDP, K;/Y;, remains constant
during the transition to the steady state. These authors also demonstrate
that a credit-constrained open economy has a higher rate of convergence
than a closed economy. In a model with labor and broad capital as produc-
tion factors, Cohen and Sachs (1986) and Escot and Galindo (2000) obtain
comparable results.

In a similar vein, one may assume that small regions can borrow or
lend in a fixed proportion to their stock of capital on international capital
markets at a fixed interest rate r*. Their net debt is given by B; = m; K;
with |m;| < 1 and m; = m > 0 if kf > k;(0) — b;(0) and m; = —m < 0
if k7 < k;(0) — b;(0), where b;(0) denotes B;/(L;A;) at time 0. At m; > 0
a region borrows from the world capital market, otherwise it lends to the
world capital market (see Escot and Galindo, 2000).° In both cases it is
assumed that this amounts to a constant small enough fraction of a region’s

existing capital stock and that the capital constraint is always binding. The

5This specification differs from Barro et al. (1995) who impose the borrowing condition
in terms of the stock of capital but not in terms of the capital to efficiency units of labor
ratio. If K;(0) — B;(0) > K, the borrowing constraint is not binding and region ¢ would
immediately jump to its steady state value of k;, see Barro et al. (1995, p.110).



basic law of motion is then generalized to

KZ' = Si(Yi—T*BZ‘)-F(SKi—FBZ’ (5)

= 31(}/1 — r*miKi) + 5KZ + mZKZ
Measured in efficiency units of labor this law of motion now reads

ki = 7(1_3;%1_) (e —r*m;) — (x +n; + —kémi). (6)

sir*m;+46
(1—my)

Denoting g; = x +n; + and linearizing around k; defined implicitly

sr*m+9

by e*=¢g=xz+n+ =) (see Pfaffermayr, 2009 for details) yields

. N
ki=g) G e (ki = k) = (9i = g), (7)
j=1 7
where
2 e =PW+ (a— 1)L

In vector form, the law of motion is then given by
k—k = BBk (k—k*)—|—AgK (8)

with Bk = (I - 0gW), Agx = gi — 8, fx = —(1 — a)g and 0 = 2.
This specification likewise implies that the basic structure of the spatial
Solow model remains the same under this form of capital mobility. The
main difference is that capital mobility increases the speed of convergence
if convergence is from below, since g—% > 0.

It can easily be shown that the same law of motion holds for output

per efficient worker, q, (see the Appendix). To obtain the empirical conver-



gence equation, one can solve the system of first order differential equations.
However, due to the knowledge spillovers regions cannot be treated as inde-
pendent units. Rather the full system of differential equations that describes
the law of motion of income per efficient worker (see Egger and Pfaffermayr,
2006) has to be solved.

As shown in the Appendix under local knowledge spillovers and labor

mobility the convergence equation is given by

qQt — Qt—r = At — &4—7 — (I - G”BMBMT) (qt—'r - q*)a (9)

where a; denotes labor saving technical progress and efMByt = T4 53, B t+
ﬂ?MB?M% +..., with B defined above. In case we allow for capital mobility,

the convergence equation reads
At —qQt—r R at — A7 — <I - eﬁKBKT) (qt—T - q*> +7 (aI+pW) AgK' (10)

Without knowledge spillovers, heterogeneity in n and the possibility of labor
migration or capital mobility, i.e. p = 0 and € = 0 or m; = 0, the spatial
convergence equation collapses to the well known S-convergence equation as
derived by e.g. McQuinn and Whelan (2007), since in this case B; =TI and
Gi=—-1—-a)(z+n+46),l =M K and

qQt —qQt—7 = At — At—7 — (1 - eﬁLT) (qt—T - q*)' (11)

3 The econometric specification

Similar to McQuinn and Whelan (2007) labor augmenting technological

progress in each region is assumed to follow a common deterministic trend.



But its stochastic component is subject to region specific technology shocks
that are spatially correlated and exhibit some persistence over time. Specif-

ically it is postulated that

ag = ate—|—(I—¢W)_lvt

Vi = 0Vi_1+ &g, (12)

where ¢; is a vector of iid normal random variables and |§| < 1. As shown

in the Appendix, it follows that

a—r = a (t - 7_) e+(I - d)W)t__leth

% (at — at_,r) ae+(I — ¢W)t_1£t7

where &_, = 6t_7v0+t_§1 Set—r_j,and & = (57—1)515_7—#%1 67et—j. The
latter two terms denote] :tli]me aggregated error terms that arzoindependent
across units ¢, but correlated across time for a given i. Their variances are
denoted by o7 and o __, respectively, and their covariance is described by the
parameter o;;_. It can immediately be seen that o;;_. # 0, if technology
shocks are persistent and § # 0. Note, in the empirical implementation the
spatial correlation coefficient ¢ is allowed to differ between ¢t — 7 and ¢ to

account for different spatial correlation in the disturbances referring to the

starting values. To simplify notation, we set 7 = ¢ to obtain the following

10



empirical specification that is estimated below:

Qo = X+ (I—- W) ' (13)
Har—an) = +(T—e™1)qo+ X8+ (1 6,W); g
(72 gt0
&, &~ N | O, 0 )

For small absolute values of 3; one can use the following approximation to

obtain a linear specification:
i (I - 665]3”) ~ 3B; = BiI+ W, (14)

where v, = —f3;0; and one expects §; < 0 and ; > 0. For the general
case, a non-linear series estimator that uses the first k elements of e#Bit =
I1+3,Bit+ ﬂfBlzg + ...+ ﬁlka% or other numerical procedures to calculate
the matrix exponential can be applied (see Kelejian, Prucha and Yuzefovich,
2004).

In the presence of (restricted) factor mobility the econometric specifica-
tion of convergence equations has to be re-established. Important explana-
tory variables considered in the literature, notably the investment to output
ratio as a proxy of the savings rate and the population growth rate, are
clearly endogenous under these more realistic assumptions.

The matrix Xy comprises the systematic determinants of the starting
conditions as captured by qg and ag. Below, these are modelled by a spatial
trend defined by the longitude and latitude of a region’s center (see Hain-
ing, 2003) and country fixed effects. The design matrix of the convergence

equation, Xy, includes steady state determinants of q* and that of the trend

11



growth rate of technological progress represented by the systematic part
of %(at —ap). Under conditional convergence it is assumed that country
specific dummies capture all these systematic effects, implying for example
country specific savings rates. The approximation error Agy is subsumed
under the disturbances. In this case, one observes conditional convergence
across countries, but unconditional convergence within countries. The un-
conditional specification of the convergence equation includes a constant
only. The corresponding likelihood of this system of equations is derived in

the Appendix. It will be maximized numerically.

4 Data and estimation results

The regional income data come from Cambridge Econometrics and comprise
information on 212 regions of the EU15 and the regions of Switzerland and
Norway. The observations for 10 regions in the former German Democratic
Republic are not available for 1980 and these regions are therefore excluded.
Also, the Portuguese islands Azores have been skipped because of their very
large distance from the European continent.

The proposed model of spatial convergence is applied to investigate the
evolution of real income per capita of European NUTS II regions over the
period 1980-2002. The dependent variable is the average log difference of
real GDP per capita, where a regions’s working population is used in the
denominator of this figure. The elements of the spatial weighting matrix
W are given by w;; = e~%i/¢/ Zjvzl e~%i/¢ where d;; denotes the distance
between the centers of regions ¢ and j and ¢ defines the spatial decay. The
decay parameter cannot be estimated and to assess the robustness of the

estimation results, it takes the values 50, 100 and 150. The preferred model

12



will be selected by comparing the estimated likelihood. Since the number of
parameters is always the same for each model, this approach is equivalent
to applying model selection criteria like AIC or BIC. Note this specification
implies that W is row normalized.

Table 1 exhibits the estimation results of the linear specification of the
system for the model with country specific effects in both estimated equa-
tions and, therefore, deals with conditional convergence. For the preferred
model the decay parameter c takes the value 150. The country dummies are
highly significant in both estimated equations of the system, supporting con-
ditional convergence across countries, but unconditional convergence within
countries. The presence of country dummies seems to wipe out spatial cor-
relation in error term which has been found significant in many previous
studies. The corresponding parameter estimates turn out insignificant in
both the initial income equation and in the convergence equation under the
systems specification with correlation of the disturbances across equations
(see Attfield et al., 2000 for a similar result). In the initial income equation
the regions’ longitude is significant even after controlling for country effects,
implying an increasing initial income gap when moving from east to west
within the average country.

The estimated convergence parameter with exogenous initial income at
p = 0 and ¢ = 100 amounts to —0.012 indicating slow income convergence in
the absence of knowledge spillovers. This estimate is similar to the available
ones in the literature (see e.g. Armstrong, 1995; Neven and Guyette 1995;
Carrington, 2003; Lépez-Bazo et al., 2004; Le Gallo and Dall’erba, 2006
and Pfaffermayr, 2009. Abreu, De Groot, and Florax, 2005 and Fingleton
and Loépez-Bazo, 2006 provide a comprehensive survey on available studies).

Assuming reasonable values for the generalized depreciation rate, z +n + 4,

13



this estimate implies an implausible high value of the capital share even
when capital is interpreted in broad terms. For example, setting x + § =
0.07 (slightly lower than McQuinn and Whelan, 2007) and n to the sample
average of 0.005 yield a capital share of 84 percent. However, this result also
suggests that the possible endogeneity of the investment share as a measure
of the savings rate and of the population growth rate does not seem to be
a major source of bias. The estimated speed of convergence is comparable
to previous estimates that are based on the structural Solow model with
exogenous initial income (Lépez-Bazo et al., 2004, Fingleton and Lépez-
Bazo, 2006).

In line with previous work there are significant knowledge spillovers as
indicated by the significant positive impact of the spatially lagged initial
income. Regions with initially rich neighbors have more potential to learn
from their neighbors and, therefore, tend to grow faster on average ceteris

paribus.
**% Tables 1 and 2 ***

The estimation results in Table 1 furthermore suggest that the initial
income levels are indeed best treated as endogenous variable in the conver-
gence equation. The system estimates reveal a significant correlation of the
error terms of the two estimated equations amounting to 0.82 in the preferred
specification. The estimates of the convergence parameters broadly confirm
the findings at the country level without knowledge spillovers reported by
McQuinn and Whelan (2007). The persistence of technology shocks and the
resulting endogeneity of initial income lead to a substantial underestimation
of the convergence parameter when initial income is treated as an exogenous

variable. The convergence parameter now amounts to —0.044 for the system

14



estimates as compared to —0.012 when treating initial income exogenously.
Under the parameter values assumed above this would imply a more plau-
sible capital share of 41 percent. In addition, the spillover parameter also
tends to be downward biased under exogenously treated initial income.
The findings for unconditional convergence in Table 2 are very simi-
lar; indicating a convergence parameter of —0.057, but also a much higher
spillover parameter amounting to 0.048 for the system estimates. Here the
model with decay parameter ¢ = 100 is the preferred one. With exogenous
initial income the corresponding estimates are —(0.011 and 0.006, respec-
tively. The results for the non-linear series estimator in Table 3 confirm
these results, although the convergence parameter for the specification with
exogenous initial income turns out somewhat higher, while that with en-
dogenous initial income is a bit lower. Overall, the linear approximation

seems accurate enough for estimating spatial convergence equations.

ko Table 3 kkk

As argued in Egger and Pfaffermayr (2006) and Pfaffermayr (2009) the
implied speed of convergence is typically region specific in the spatial Solow
model with knowledge spillovers. Furthermore, the convergence speed can
only be inferred from an experiment of thought, since the steady state in-
come level of the regions and, hence, the income gap, remain unobserved.
For illustration let us assume that the initial gap in income per capita with
respect to the steady state is given by ¢f = 1.2mean(qp). The speed of
convergence is measured as the share of the gap in income per capita that

is closed within a year on average. Table 4 calculates this figure for the
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preferred models of Tables 1 and 2 according to the formula

¥ = tDiaglajy — aio] (T~ ™) (ay — o)) (15)

at t = 1,10 and 50.5 Under regional knowledge spillovers a region’s speed of
convergence depends on the strength of knowledge spillovers and the initial
income gap of its neighbors, besides the convergence coefficient §;. The
higher the absolute value of the initial income gap of a region’s neighbors is,
the more the region can learn from its neighbors and the higher the spatial
spillovers are. If the income gaps are positive on average and convergence
mostly occurs from below, ignoring regional knowledge spillovers leads to an
overestimation of the convergence speed (see also Pfaffermayr, 2009).

For illustration first consider the case where the initial income gap is
the same for all regions, i.e., qj, — qi0 = e, where e is a vector of ones
and 1) is a constant. Under this assumption there is no need to refer to the
hypothetical steady state defined above. One can easily show that in this

case one obtains

=1 (1-eMBt) e =1 (1- B0 e x — (5 — G} e,

using the fact that under row normalization we have We = e. Remember,
G; < 0 and 6; > 0. The estimated value of —(; — (36;) is considerably bi-
ased downwards when treating initial income as exogenous as shown in the
first column of Table 4. The second column calculates the estimated values
of % (1 — e(ﬁl_ﬁlel)t) and gives similar results. However, it nicely illustrates

that the convergence speed decreases over time and that it is higher for

5The matrix exponential is calculated using the Matlab procedure expm.
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the rich regions that converge from above.” Lastly, when the initial gap is
heterogenous there is considerable variation of the convergence rates. Yet,
the main conclusion, namely that the convergence rates are considerably
higher on average when initial income is treated endogenously, also shows
up here. Under conditional convergence the speed of convergence for the
first year is 2.93 percent per year and it falls to 1.55 percent when averaged
over 50 years. The standard deviations of these figures are 3.01 and 1.67,
respectively. Taking initial income as an exogenous variable implies an aver-
age convergence speed in the first year as low as 0.24 in contrast. Inserting
the estimated parameters of the models for unconditional convergence, still
leads to an average convergence speed of 1.16 on average at t = 1 as opposed

to 0.61 under exogenous initial income.

KKk Table 4 KKk

5 Conclusions

This paper reconsiders the spatial Solow model of regional growth under
local knowledge spillovers. It argues that in the presence of factor mobil-
ity and persistent technology shocks the widely used spatially augmented
Mankiw, Romer and Weil (1992) specification to estimate [-convergence is
prone to endogeneity of its most important explanatory variables. First,
under factor mobility the investment share as proxy of the savings rate and
the growth rate of population growth are clearly endogenous. Instead of
using these explanatory variables the present approach suggests including

country fixed effects so that regional convergence is conditional across coun-

"See Mathunjwa and Temple (2007) for the opposite finding for the Solow model with-
out spillovers.
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tries and unconditional within countries. Second, and more importantly,
under persistent technology shocks the initial income is endogenous in the
convergence equation.

Using a bivariate spatial systems approach, this paper shows for regional
income data comprising 212 regions of the EU15 and the regions of Switzer-
land and Norway that initial income is indeed endogenous. The error terms
of the estimated initial income equation and that of the convergence equation
are highly and significantly correlated rendering a single equation approach
to measure (3-convergence biased. The system estimates suggest that the
speed of convergence in income per capita is considerably higher under this

more general approach than previously found.
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Appendix

Derivation of the convergence equation: Under stationarity of k*
and under the migration model the solution to the system of differential

equations is given by (Tu, 1992, p. 98)
k, — k,* =ePMBME (k) — k7).
Under capital mobility, one obtains

ki —k; = KBt (ko — l_() — (I — eﬁszt) ﬂf}lB;(lAgK

~ ePRBr (ko K) + tAgy

Note e*Bit = T 4+ 3Bt + ﬁlQBth;, + .....,l = M, K. In analogy to the uni-

variate case, one can derive the following econometric specification. Using

Bl(tf‘l') BltefBlT

e =e one gets for the migration model

k—kir = — (I - eﬁMBMT> (ki—r — k¥)

kir = ko (T—eBu7) (i — k)
and for the capital mobility model

ki —ki s = — (I - eﬂKBKT> (ke—r — k) + TAgK

kt—T

Q

ko — (I - eﬂMBKT) (ko — k) + (t — 7)Agy-

Since the stock of capital usually remains unobserved, one has to specify

this system in terms of real income per capita, ¢; = In L% Using the natural
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log of the production function given by
q: — a; = pWky+ak; = Fky,

one obtains

ki = (al+pW) ! (q — a;) = FH(q; — ay),

where a; denotes labor saving technical progress. One can use the following
decomposition: (aI+pW) (I — e*BiT) (al+pW) ' = P (Diag(a + p\;) P~

PDiag(l_e/@l(l—GMi)’r). PPleiag <a+1p)\'> | o - P(l_eﬁl(l—HMi)T)P—l =

I — e#Bi™. Hence, the convergence equation in GDP per capita under mi-

gration is given by
F(ki—ki ) =—-F <I - 6ﬁMBMT> F ' (qr—ar —q" +a,;)
or
At — Q-7 = — a7 — (I - B’BMBMT) qQt—r + (I - G’BMBMT) q,
and under capital mobility
At — Qir A — Ay — (I — eﬁKBKT) g+ + (I — eﬁKBKT) q" + 7FAg.

Without knowledge spillovers, the possibility of labor migration or capital
mobility, at p = 0, By = T and 3 = —(1 — a)(z + n + §), the spatial
convergence equation collapses to the well known [-convergence equation as

derived by e.g. McQuinn and Whelan (2007).

dt — Qt—7 = & — Ag—r — (1 - BBZT) qQi—7 + (1 - 65”) q”.
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Stability analysis: The stability of the system of differential equations
describing the convergence precess is best analyzed in terms of k;. The
normalized spatial weighting matrix is decomposed as W = W1 Wjy, where
W has full rank and is symmetric (Hermitian). The elements of W, are
given by wi;; = e~%ilc. Wy = Diag(1/d;,..,1/d;), d; = E;vzl w, ,; is the
normalization matrix which has full rank and is positive definite. Theorem
7.6.3 of Horn and Johnson (1985, p. 465) implies that all eigenvalues of W
are real. We denote the diagonal matrix comprising the eigenvalues of W
by A and the corresponding matrix of eigenvectors by P.

Now consider the characteristic roots of B; = §;(I-0;W). Since W
is normalized by W2, we know from Gershgorin’s Theorem that |A\;| < 1
(see Theorem 6.1.1 in Horn and Johnson, 1985, p. 344). Furthermore,
BiI-30,P WP =3I1-036,A. Therefore, the eigenvalues of 3B, are given
by G + Bi6i\i. Since |[A;| < 1 and —F6; > 0, we have 5 — GiH\; <
G (1—6;) < 0if § < 1, and the eigenvalues of B; are all real and nega-
tive. In the migration model this implies the parameter restriction gp+d <
(1-a)g+dorl—a—p>0.Under the capital mobility model a similar
assumption is required.

We conclude that under the maintained assumptions the system of dif-
ferential equations implied by the spatial Solow model is Liapunov stable
(Tu, 1992, p. 100). In particular, this implies that the system converges to

a unique steady state, when starting in its neighborhood.
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Stochastic specification of the system: With respect to the stochastic

specification of the error term it is assumed that

Vi = 0vi_1+é&g
a, = at—71)e+(I—¢W) v,

a; = ate+ (I—¢W) v,
T—1 )
vi = 0 Vi_r+ Z (Sjé“t_j
=0
where ¢;; are normal iid random variables and |§| < 1. Using v; — vy, =
T—1
(0T = 1)vi—r + > 07e4—j, it follows that
i=0

J]=

a_r = a (t - 7-) e+(I - (Z)W)_lgth

llay—a,) = ae+1i(I- IW) ! (vi —vi_y)

T—1

= ae+ (I—¢W) " | 10" = Dvir + 2D ey
§=0

= ae+(I—¢W), ¢

t—T—1 T—1
where &_r = 8" "vo+ > dep_,_jand & = %(57—1)&_7—1— % > ey =
§=0 §=0

t—7—1
F(0' =0 ot 2(07 1) X

§=0
of the error terms is given by

0et—rj+ % > 67e4—;. Note, the covariance
J=0

Eli—r)éit]l = (-1 (52('5_7)03 + waf) # 0 for 6 # 0.

T2 1-462

In the empirical implementation the spatial correlation coefficient is allowed
to differ between t — 7 and t to capture the possibly different spatial corre-

lation of the starting values.
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Derivation of the likelihood: Following Anselin (1988) it is useful to

introduce the following matrices:

2
0p Oot 1 1 O —O00t
5= 2 |’ = ol — o2 2
oot Oy 0t 0t | —oot 0y
G 0 W 0
G- 0 P ®o
0 Gt O ¢tW

Stacking the two equations in a system with 2N rows yields

G
Q = F %0 ) (Goto, Gats)

G
= G {(ZeIy)G!

Q! = G(E'eIy)G

and

tIndet @ = § In(o70f — 0f,) — Indet Go — Indet G,

For the structural form define

I 0
y = | ¥ , Ii= " ;
I (gt — qo) — (BI+mW) Iy
(X, © 5
X = ’ o= "
0 X; 515
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so that

& = (Y-I;'X6) =T, 1Y - X0)
Q. = r;7'ar™!
Q' = reTn

1 0
detT; = det N = det Iy det(ILy + (3I+y W) Iy0) = 1.

— (BI+vW) Iy

-1

'O—1 _ 1Pl U(% oot
9.4 = MY -Xd)'G @Iy | G(TVY — X9)
Oot Ut2
2
oIy —pooglyn
= Jfag(ll—pQ) (éllo’gl/t) 9 (glIO’gl/t)/
_ 1 &obo  20€,&0 + &l
- 17p2 o'g o000t o't2 ?

using oo = poiog, 0208 — o8, = 0203(1 — p?) and

&0 qo — Xodg
€t %((Qt —qo) — (B I+7 W) qo — X¢d¢)

The log likelihood function is then given by

InL; = ¢ — ¥ In(o?od(1 — p?)) + Indet Go + Indet G,

1 o0 20€1,0 i &
2(1—p?) o5 000t o2

and will be maximized numerically.
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Table 4: Speed of convergence under spatial spillovers, share of theincome gap closed within a year
on averagein percent

Equal initial gap initial gap = 1.2mean( yq)-Yo
Model T App. Exact Mean Std richest poorest
Conditional convergence, c=100, p=0 1 019 0.19 0.24 0.69 1.98 0.55
10 0.19 0.24 0.66 1.87 0.53
50 0.18 0.22 0.54 1.49 0.46
Conditional convergence, c=150, p#0 1 298 2.94 3.01 3.61 5.36 3.43
10 2.58 2.63 3.06 433 293
50 155 1.56 167 197 1.64
Unconditional convergence, ¢c=50, p=0 1 058 0.58 0.61 0.85 1.56 0.78
10 0.57 0.59 0.82 1.48 0.75
50 0.51 0.53 0.69 1.16 0.64
Unconditional convergence, c=100, p#0 1 092 0.92 1.16 3.22 9.22 2.60
10 0.88 1.08 2.63 721 2.20
LR-Test: Country fixed effects (32) 50 0.74 0.84 1.43 2.98 1.28

Note: The gap is defined as 1.2mean( yo)-Y, and amounts to 0.59 on average. Its standard deviation is 0.43. The gap of the richest region is -0.42 and
that of the poorest is 1.90.
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